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Abstract 

A new proof of the homogeneity of isoparametric hypersurfaces with 
six simple principal curvatures |DNj is given in a method applicable to 
the multiplicity two case. Q 

1 Introduction 

The classification problem of isoparametric hypersurfaces is remaining 
in some cases of four and six principal curvatures (see [CCJj . [ij). The 
homogeneity in the case {g, m) = (6, 1) was proved by Dorfmeister- 
Neher jDN| . A shorter proof was given in M2 , but some argument 
was insufficient (pointed out by Xia Qiaoling). Moreover, we found it 
difficult to extend the method to the case (g, m) = (6, 2). 

In the present paper, we show that a delicate change of signs of 
some vectors at anti-podal points on a leaf, which is related to the 
back ground symmetry caused by a spin action, is essential. This 
investigation is also indispensable to attack on the case m = 2. Before 
treating this overwhelmingly difficult case, a complete short proof for 
m = 1 will give us an overview how to settle the problem in the case 
m = 2 p3] . 

fJH ~ iS] consist of reviews of |M1| and [M2] . We do not repeat 
the proofs in |M1| . but give those of |M2| in a refined manner. The 
shape operators of each focal submanifold M± consist of an S'^-family 
of isospectral transformations with simple eigenvalues ±V3, ±l/-\/3, 
0. There are many such S'^-familics (see Sj2]), but in Sj6]^ f|9l we narrow 
down them by using both local and global properties of isoparametric 
hypersurfaces, and conclude that non-homogeneous cases cannot occur. 
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2 Preliminaries 



We refer readers to [Thj for a nice survey of isoparametric hypersur- 
faces. Here we review fundamental facts and the notation given in [Mlj . 
Let M be an isoparametric hypersurface in the unit sphere S*""*"^, with 
a unit normal vector field ^. We denote the Riemmannian connection 
on 5*"+^ by V, and that on M by V. The principal curvatures of M 
are given by constants Ai > • • • > A„, and the curvature distribution 
for A G {Aq} is denoted by D\{p), mx = diia D\{p). In our situation, 
-Da is completely integrable and a leaf Lx of Dx is an TOA-dimensional 
sphere of S'""'"^. Choose a local orthonormal frame ei, . . . , e„ consisting 
of unit principal vectors corresponding to Ai, . . . , A„. We express 

Ve„e;3 = A;^^e^ + A„<5„/5C, A^^ = -A^^, (1) 

where I < a, P,a < n, using the Einstein convention. The curvature 
tensor Rap-yS of M is given by 

= e„(A^^) - ei^iAi^) + A^^A^, - A^^A^, - A^^A^^ + A^„A^^. 

(2) 

From the equation of Coddazi, we obtain 

e0(A„) = Af„(A„-A^), for a^P, (3) 
and if Aq, A/3, A^ are distinct, we have 

Kpi^P - A7) = A^JA„ - A^) - A;^^(A^ - A„). (4) 

Moreover, 

AL = 0, Ka^Kh^ if Aa = Afc^A^ and a ^ 6, (5) 
hold, and since Aq. is constant on A/, it follows from ([3]), 

at;, = if A^^A„. (6) 

When the number g of principal curvatures is six, the multiplicity 
m of \i is independent of i and takes values 1 or 2 [AJ. In the following, 

(i — l)7r 

let (g^m) = (6, 1). As is well known, A^ = cot (6*1 H ), 1 < i < 

6 

TT 

6, < 01 < —, modulo TT. Since the homogeneity is independent of the 
6 

choice of 61, we take 

6*1 = Y2 ^ ^2^4^ ^ 12 ^ 

so that 

Ai=-A6 = 2 + V3, A2 = -A5-l, A3 = -A4-2-V3. (7) 
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Note that we choose 9i e (-§,§)■ By ^ and a leaf Li = L,{p) 
of Di{p) = D\.{p) is a geodesic of the corresponding curvature sphere. 
For a = 6 or 1, define the focal map /a : M ^ 5'^ by 

fa{p) = cos 0aP + sin Oa^p, 

which collapses La (p) into a point p = fa (p) ■ Then we have 

dfa{ej) = sin6'a(Aa - >^j)ej, (8) 

where the right hand side is considered as a vector in TpS'^ by a parallel 
translation in 5^. We always use such identification. The rank of fa 
is constant and we obtain the focal submanifold Ma of M: 

Ma = {cos6'aP + sin^Q^p I p e M}. 

By ([SJ, the tangent space of Ma is given by TpMa = (Bj^aDj{q) for 
any q fa^iP)- An orthonormal basis of the normal space of Ma at p 
is given by 

riq = - sin daq + cos 9aS.q, Cq = ^aiq) (9) 

ioT any q e Laip) = fa\p). 

Now, the connection V on Ma is induced from the connection V, 
that is 

sinMA.-A,-) ^--^^"--^ + "^-^' 

where X is a tangent field on S"^ in a neighborhood of p, and X is the 
one near p translated from X. Note that vj^X denotes the normal 
component in S*^. In particular, we have for j ^ a, 



1 



sin (Aa - Aj) 



{A {1 + Xj\a)5jk'np], (11) 



using {Xjip —p, rjp) = sin 6*0(1 + Aj Aq). In the following, we identify Cfc 
with Cfe. Denote by the shape operator of Ala with respect to the 
normal vector TV. Then from (jlOp and pTjl . we obtain: 

Lemma 2.1 [Mlj fLemma 3.1) When we identify TpMa with ®^^^Da+ 
where the indices are modulo 6, the second fundamental tensors 
and Bq^ at p are given respectively by 



B, 



■'h 



fV3 











\ 





1 



































1 
















-Vs) 
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Br = 



where 



( 

ba+l a+2 
ba+1 a+3 
ba+1 a+i 
\ba+la+5 



ba+1 a+2 



ba+2a+3 
ba+2a+i 
ba+2a+5 



ba+1 a+3 
ba+2a+3 


ba+3a+4: 
ba+3a+5 

1 



sin OaiXj 



ba+1 a+4 
ba+2a+4: 
ba+3a+4: 



ba+4:a+5 



Aa) 



ba+la+5\ 
ba+2 a+5 
ba+3a+5 
ba+ia+S 

/ 



6,1 



(12) 



In fact, from (jlip it follows Br,^(ej) = iJ-jCj, where for a is, say 6, 
l + AjAe ^ Ml = V3 = -^5, = 1/V3 = -/X4, ^3 = 0, (13) 

and bjk — bkj follows from fl]). In the following, we denote M+ = Mg 
and M_ = Mi. Note that both are minimal. It is easy to see that any 
unit normal vector is written as ijq in ^ for some q G Le{p), and we 
have immediately: 

Lemma 2.2 |Mu| . |M1] The shape operators are isospectral, i.e., the 

eigenvalues of are ±%/3, ±—7=, 0, for any unit normal N. 

v3 

For a fixed p G fa^{p), all the shape operators for unit normals at 
p are expressed as 



L{t) = cos tBr, + sin iB^ , i e [0, 27r) 



(14) 



The homogeneous hypersurfaces M'^ with {g,m) = (6, 1) are given as 
the principal orbits of the isotropy action of the rank two symmetric 
space G2/ SO{A), where two singular orbits correspond to the focal 
submanifolds M'j.. In jMlj . we show that the shape operators of 
and are given respectively by : 



cost 



cost 



fVS 
75 








V3 















1 

V3 










1 






1 





\ 










-VsJ 



sint 



sint 














1 

V3 





^00 





1 

V3 

\V3 
/O 1 

1 



» -A 

Vo 





2 

V3 




1 



V3\ 




oy 




1 

0/ 

(15) 
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These imply that M± are not congruent to each other. 

Note that there exist many other one parameter famihes of isospec- 
tral operators costBjf + sintA, where, for instance, A is given by 



/ 





V 
/ 

5 



2 

3%/3 

V 






3 

V 2 











1 

V3 











1 

V3 











fj 

V 2 





5 





2 




3\/3 





4 

3%/3 





4 





4 




3\/3 





4 
3%/3 





2_ 





5_ 


3\/3 


3%/3 



\ 






J 



1 











x/3\ 








1 











1 

V6 





1 

V6 











1 

\/6 



















0/ 



i73 / 



\ 

2 

3\/3 



5 

3\/3 




(16) 

and so forth. We see in the homogeneous case, the kernel does not 
depend on t, while it depends in other cases. In the following, we show 
that all the latter cases are not admissible to the shape operators of the 
focal submanifolds of isoparametric hypersurfaces with (g, m) = (6, 1). 

3 Isospectral operators and Gauss equa- 
tion 

By Lemma [2.2[ L(t) — costB,^ + smtB^ is isospectral and so can be 
written as 

L{t) = U{t)L{0)U-\t) (17) 
for some U{t) G 0(5). Moreover, this implies the Lax equation 



Ltit) = -Lit)^[Hit),Lit)i 



where 



(18) 



H{t) = Ut{t)Uit)-' €0(5). 
In particular, we have L(0) — B^, and 

Lt{t) = -smtBjj + costBc_ = L{t + ti/2), (19) 
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and hence for Lt{0) — Bq — (bij), bij 
—hij, we can express 

=Lt(0) = [i/(0),B„] 
/ 



bji, and H{Q) = hji 








-\/3/li3 











"73^24 


%/3/l31 







"73^34 











2\/3/i5i 


^^52 


\/3/l53 


73 ''54 



v 

Note that the eigenvectors of L{t) are given by 

ej{t)^U{t)e,{0), 



-%/3/l35 

" 73^^45 

/ 



which impHes 
Here we have 



= CoVee , Co = ^2(^3 - l)/4, 
because has radius | sinffgl = co- Hence we obtain 



(20) 
(21) 
(22) 

(23) 
(24) 



where i denotes the row and j denotes the column indices. Moreover, 
denoting the component of L(t + -|) by bij{t) where bji{t) — bij{t), 
we have 

(Veei(i + f )),^. = e,{b,,{t)) - bk.mut) - b,km'^,{t) 

= eeihjit)) + Al,{t)bk,{t) ~ b,k{t)At,{t). 

Because Lf(t+f ) = coVeei(t + f ), Lt(7r/2) -S,, and L{ti/2) = B^, 
multiplying — cq to the both sides and putting t = 0, we obtain 



B^ = -coe6(Bc)-[iI(0),Sc]. 



(25) 



Now, rewrite ([201) as 
/ 



i7(0) = 



75^31 



73 
V3 



641 



\ 573^51 



%/3l 
2"°12 



y3&32 
^642 

— 052 



-73''- 

-V3623 


v/3643 
73' 



-^614 
-^624 



'34 



-4^53 



v3 
2 



&54 



- — O25 
"73^35 

y 



and substitute this into ([25]). Then we have the following formulas 
which we use later : 
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1 

73 " 



2(^5?, 



2(- 



V3u2 
2 "21 



73 ''13 



V3 



23 



4 bh + 

2 "24 



= 2(-^6ii-V3fei2 + V3fo2 



Vf"31 

^V3 = -2(-i.62 



'34 



1 

V3 



V3!,2 _ 
2 "42 

L V3l2 , 
1^ 4 "52 



I 4 "25J 
x/3''35J 



2V3 51 

coee{bi2) + ^^13^32 
coe6(&i3) - ^h2b 



43 ^ 

V3 53 



2 "45 i 
^6^4) 



^6l4&42 



23 



4 
5\/3 



614643 



2 54 
5 

A 
2 



^ &15&52 



^6l5&53 



[1.4] 


= 


-0066(614) - 


^^13^34 + 


-^^15^54 




[1.5] 


= 


-coe6(6i5) + 




^&14&45 




[2.3] 


= 


-coe6(&23) - 


^^21613 ^ 


- ^^24^43 


+ ^^25&53 


[2.4] 


= 


-2066(624) - 


^^21614 ^ 


' ^#^25^54 


[2.5] 


= 


-6065(625) - 


^621615 + 


^623635 




[3.4] 


= 


-6065(634) - 


173^31614 - 


- ^^^32^24 


+ i73^35^54 


[3.5] 


= 


-0065(635) - 


^b3ib,5 - 


^&32&25 ^ 


- #&34&45 


[4.5] 


= 


-6065(645) - 


^641615 - 


- ^642625 


- -^b43b35 



These are nothing but another description of a part of the Gauss equa- 
tions 



4 Global properties 

An isoparametric hypersurface M can be uniquely extended to a closed 
one [C]. We recall now the global properties of M. 

Let p G M and let 7 be the normal geodesic at p. We know that 
7 n M consists of twelve points pi, . . . , pi2 which are vertices of certain 
dodecagon: see Fig.l, where indices are changed from [Ml, pp. 197-8] 
and [M2, Lemma 3.2]. 

Lemma 4.1 }M1| We have the relations 

Dt{pi) = D2-t{p2) = Di+i{p3) = DA-i{pA) = A+2(P5) = £)6-j(P6) 

Dt{Pj) = D.,{pj+e), j = 1, . . . , 6 

where the equality means "be parallel to with respect to the connection 
of S'^ ", and the indices are modulo 6. 

From these, some relations among A^^'s are obtained as follows. De- 
note by p{t) the point on Lq{p) such that pi = p(0), prametrized by 
the center angle where the center means that of a circle on a plane. 
Similarly, we denote by q{t) the point on £2(^2) parametrized from 
P2 = 9(0). Note that 65(^1) is parallel with 62(^2)- Extend 65 and 62 
as the unit tangent vectors of p(i) and q(t), respectively. Consider the 
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normal geodesic 74 at p{t), then q{t) — -^2(^2) H jt- Here e3{p{t)) is 
parallel with 65 ((/(i)). Then we have 

1 „ / / sin 02 1 „ , / NX 



sm f^g 



sm f 6 sm f 2 



Therefore the Z?j component of (Veee3)(pi) is the D2-j component of 
(Ve2e5)(p2) multiplied by sin ^2/ sin 06- We denote such relation by 

AlM^Al^'iP2), 

up to sign. A similar argument at every pm implies the global corre- 
spondence among A^^^'s: 

Lemma 4.2 [Mlj For a frame consisting of principal vectors around 
eachpm, we have the correspondence A*j,(p„i) ~ A*,j,/(pn) where i,j,k 
at Pm correspond to i',j',k' at Pn in Table 1: 



Pl 


P2 


P3 


P4 


P5 


P6 


1 


1 


5 


3 


3 


5 


2 


6 


6 


2 


4 


4 


3 


5 


1 


1 


5 


3 


4 


4 


2 


6 


6 


2 


5 


3 


3 


5 


1 


1 


6 


2 


4 


4 


2 


6 



Table 1 




5 The kernel of the shape operators 

For p £ M and p € A/+, let 

E",; span{KerL(t) | t e [0,2tt)} ^ span^^fo 27r){e3(i)}- 
The following proposition proved in [Ml| is crucial. 



Proposition 5.1 |Mlj (Proposition 4.2) M is homogeneous if and only 
if dim Ep ~ 1 for any p. 

Next, recall 

1 + AjAg A3 - Aj o I /q toa\ 

l^i^—. — , ci=2-|-V3. (26) 

Ak — A; Afi — Ai 



The second equality follows from Xq = — I/A3 
1 V2(V3 + 1) 



-(2 + V3). Put 



C2 



sin 6*6 (A3 - Ae) 



. V2(V3-1) 
(sine's = ). 



Lemma 5.2 Take p £ ^{p) and identify TpM+ with (S)^j^iDj{p). 
Then we have 



B^iez) = C2Ve3e6, 



(27) 
(28) 
(29) 



Similar formulas hold for the shape operators Cm of M^, if we replace 
6 by 1, and 3 by 4- 

Proof: From (HH) follows Using g]), we have ((28)) : 



63 



A3 — Xi 

Afi — A, 



CiAggg; = CiVeaGg. (30) 



Taking the covariant derivative of (P7|) where Vjl = coVee by ([23]), we 
obtain 

C2Ve,Ve,ee = (3^63)) = -l/coB^(e3) + 5c(Ve6e3) - Bc(Ve,e3). 

□ 

Remark 5.3 : (|77|) implies that dimE'p = 1 holds if and only if 
Vege3 vanishes at a point of f^^{p)- Moreover, pS)) implies that Ve6e3 
vanishes if and only if VeaCg vanishes. 

When Veee3(p) ^ 0, we have dimiJp > 2, since 63(7)) and Vei3e3(p) 
(£ Ep) are mutually orthogonal. We denote E instead of Ep, when it 
causes no confusion. Let E^ be the orthogonal complement of E in 
TpM+. Moreover, put 

W = Wp^ spautgfo 27r){Ve3e6(^)}■ 
where we regard as a subspace of TpM^ by a parallel displacement. 
The following lemmas are significant. 



Lemma 5.4 [M2] (Lemma 4.2) W <Z E^ . 

Proof: Wc can express L{t) with respect to the basis ei(p), i — 1, 
as in Lemma |2.1[ 



(Vic 


5^12 


sbi3 


s6i4 


s6i5 ^ 


sbi2 




Sb23 


5624 


5^25 


sbiz 







S634 


3^35 


sbii 


Sb2i 


S634 


V3 


S645 




Sb25 


3^35 


S645 


-\/3cyl 



c = cos t 
s — sini. 
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Let 63(1) — *(ui{t), . . . , U5{t)) belong to the kernel of L{t). Then the 
third component of L(i)(e3(t)) must satisfy 

. 5 

Sm Z 1 V — A . / \ / ^ 

^)^EA3a(.KW = 0. 
1=1 

Thus we obtain 

(Ve3e6b),e3W) =0 (31) 

for allt, which means Ve3ee{p) £ E-^. □ 
By the analyticity and the definition of E and W, we can express 

E =span{e3(q),V^^e3(g), = 1,2,...} , , 

W =span{Ve3e6(<z),V^^Ve3e6((z), fc = l,2,...}, ^ 

at any fixed point q ^ Lq, where V^^ means fc-th covariant differential 
in the direction eg. Thus we have by Lemma |5.4[ 

(V' e3,V' Ve3e6) =0, kj = 0,1,2,- ■■ . (33) 



Lemma 5.5 |M2j (Lemma 4.3) For any t, L{t) maps E onto W C 
E^. 

Proof: First we show if _L(t)(Vge3(p)) € W holds for any < k < I and 
t, then L(t)(V6+^e3(p)) € W follows. In fact, from L(i) = cosiS^ + 
sinti?(;, we have 

Lt{t)=L{t + 7:/2), Ltt{t) = ~L{t) 
Thus in each relation 

Lt{t){%e3{t)) = coVe«(L(i)(V[;e3(t))) - L{t){c^V+^e3{t)), 
Lttmviesit)) = coVee(£t(t)(V^e3(t))) - Lt{t)icoV'+'e3{t)), 

where we use the moving frame 63 (t) and ee{t), the left hand side be- 
longs to W by the assumption, and so is the first term of the right hand 
side. Hence we have L{t){Vl^^ 63(1)), Lt{t)(y'e^^ 63(1)) € W. Now, we 
show the lemma by induction. Indeed, L{t) maps D3{p) into W for 
all t, because and -Bij^ map D3{p) into W by P7|) . and because 
L(t) = costBjj + smtB(^. Moreover, ((27l) implies that this is an onto 
map. □ 



Lemma 5.6 |M2j (Lemma 4.4) dimE < 3. 

Proof: Take any p g fe^iP)- Since KerS^^^ = D3{p) C E, we have dim 
Bjj{E) = dimi? — 1. Because B^i^^E) is a subspace of E^ , the lemma 



The following is obvious: 



follows from W ^ TpM+ =E®E^. □ 
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Lemma 5.7 As a function ofp G M_|_, dim E is lower-semi-continuous. 



Let d = maxpgM+ dim Ep. We know that 1 < d < 3 and M is 
homogeneous when d = 1. At a point q on the focal submanifolds 
M_ = Ml, denote Eg = span^(-f-)g^i(-^-){e4(q(t))}. The argument on 
M+ holds for M_ if we replace E hy E and pay attention to the 
change of indices. Especially, dim£' = 1 holds on M+ if and only 
if dimF = 1 holds on because Agg — holds for all j if and 

only if = holds for all j, by the global correspondense in 21 
Note that, however, not everything is symmetric on M±. Indeed, for 
homogeneous hypersurfaces with six principal curvatures, M+ and M_ 
are not congruent (fJH |M1| ). 

6 Description of E 

In this section, we discuss what happens if we suppose dimE ^ 1. 
Lemma fS . SI suggests that the matrix expression of L(t) can be simplified 
if we use the decomposition TpM^ — E (B E^ . 

Lemma 6.1 When dim_B = d, we can express L — L(t) as 

Od R 
*i? S 

with respect to the decomposition TpM^ — E ® E^ , where 0^ is d hy 
d, R is d by 5 ~ d and S is b — d by b ^ d matrices. The kernel of L 
is given by 

The eigenvectors with respect to fii{j^ 0) in I113\) are given by 



e E, *RX = 0. 



Y 

where Y e E^ is a solution of 

CRR + fj.^S - p.p)Y ^0. (34) 



Proof : The first part follows from Lemma 15.51 Let ^ be an eigen- 
vector of L with respect to , where X ^ E and Y e E^ , abusing the 
notation X = ^^'^ ^ ^ (^^) ' '^^'^^ have 

0,1 R\ fX\ f RY \ fx 



*i? S \Y^VRX + SY ^Mr 
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and hence 

r RY = ii,X 

\ *RX + SY = ^liY. 

For fi^ = 0, Y = and *RX — hold since the kernel belongs to E. 
When 7^ 0, multiplying fj,i to the second equation and substitute 
the first one into it, we obtain ([M)) Then the eigenvector of L for an 
eigenvalue fii is given by 




7 Dim E = 2 

In this section, we suppose dimi? = 2 occurs at some point p G M+. 
Then we have the decomposition TpM+ = E"^ (bV^ (B (the upper 
indices mean dimensions), where W — Bjj{E) — Bq{E) by Lemma ISTSl 
For a continuous frame 63 (i) G D3{t) along Lg, 0^(1 + n) = -D3(i) 
implies 63 + tt) = £63 (t), e = ±1. Then we have "Vee^sit + tt) — 
eVe6e3(t), and it follows 

Ve.eeit + tt) = l/ciL(t + 7r)(Ve6e3(t + tt)) 

= -l/ciL{t){eVeee3it)) = -eVe3e6(<)- 

Since Ve3ee(t) e never vanishes (Remark 5.3), and so has a constant 
direction, we have e = — 1. 

In the following, we mean by a continuous frame ei{t) along Lq, a 
frame on Lq minus a point. This is because we may have ei{t + 27r) = 
—ei{t), which occurs as 0(5) acts on the shape operator via spin action. 
Fortunately, this docs not affect the argument. 

Consider a continuous frame ei{t) along Lq, and express ^egesit) = 
Al3it)eiit). Then putting f{t) = (Al^it))^ - {Alsit))^ we have f{t + 
tt) = -f(t) since VeeCsit + tt) = -\/e^e3{t) and D/{t + tt) = DQ^iit) 
holds. Thus at some point p = p{tQ) of Lq, f{to) = occurs. Here by 
the Gauss equation [3.3], or from 

=(Veee3(t),£(0(Ve,e3)(t)) 

= V3{{Al,it))' - (AUt))'} + l/V3{{AUt)Y - (AUt))'}, 
we have also (A§3(to))^ — (Ag3(to))^ — 0. Thus we may put at p, 

Veee3 = a;(ei + 65) + 2/(62 + 64) , . 

VejCe = V^x{ei - 65) + 2//V3(e2 - 64) 
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by rechoosing the directions of Cj = ei{p), i = 1,2,4,5, if necessary. 
Nomalizing the right hand side, we define 

Xi = a(ei + 65) + (3{e2 + 64) € E, 

Zi = l/a{V3a{ei - 65) + /3/v^(e2 - 64)} e W 

where + /J^ = 1/2 and a = 2{3a'^ + /3^/3), and VegCa = aXi and 
VegCe = 6^1 hold for some a and 6. Note that = yJaZ\. Since 

y is orthogonal to 63, Xi, Zi, we have an orthonormal basis of V given 

by 

X2 = l/a{/?/V3(ei - 65) - V3a(e2 - 64)}, 
= /3(ei + 65) - a(e2 + e4). 

where Br^{X2) — Xj -JaZ^ holds. Since V is parallel, 

^2(0= ^2(0), Z2(t)-^2(0) 

is an orthonormal frame of V at any Now express X2(7r) = X2(0) 
and ^2(7'') = ^2(0) via basis at p(7r). Namely, choosing ei(7r) = e 
Di{n) = De-i{0) suitably, we can express 

X^iw) = l/c7{/3'/V3(e'i - e's) - VSa'ie'^ - e^)} 

= lM/?/v^(ei - e,} - V^a{e2 - 64)}, 
Z2{n) = /3'(ei + e^) - a'(e^ + e^) 
= /3(ei + 65) - a{e2 + 64), 

because rii(7r)eD5(7r) = A (0)© £15(0), and 1)2(71) ©Li4(7r) = £12(0)© 
1)4(0) hold, and hence \a'\ = \a\, = |/3|, and a = c7{tv) = (t(0) 
follow. Thus we obtain 

/3'(e'i - 65) = /3(ei - 65), f a'ie'^ - e'^) = a{e2 - 64), 

/3'(e'i + e^) = Piei + 65), \ a'(e^ + e^) = a(e2 + 64), 

and from -Di(7r) = £)6-i(0), it follows 

-/?e5, I Q!'e2 = — ae4, 
-/S'cg = /3ei, J — Q;'e4 = 0:62, 




a'e2 = 0:64, 
a' 64 = 0:62. 

However then, wc have a = /? = 0, a contradiction. 
Thus wc conclude: 

Proposition 7.1 dimE' = 2 does not occur at any point of M^. 



8 Dim E = S 

By the previous proposition, dimE' = 3 occurs on M_)_ if dimE > 1. 
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Proposition 8.1 When dim£' — 3, at any point p of Lq, E and 
are expressed via Ci — ei{p) as 

E = span{e3, a{ei + 65) + /3(e2 + 64), - 65) - %/3a(e2 - 64)} 

E^ = span{VSct{ei - 65) + ^(e2 - 64), /3(ei + 65) - a(e2 + 64)}, 

for suitable a, (3 satisfying + 7^ 0. 

Proof: Since 63,61 + 65,62 + 64,61 — 65,62 — 64 generate a frame of 
TM^ , we can choose Xi , X2 € -E as 

Xi = a(6i + 65) + /3(62 + 64) + 7(61 - 65) 

X2 = x(ei + 65) + y(62 + 64) + z{ei - 65) + w(62 - 64). 

Then Zi = Br^{Xi) e E^ are given by 

Zi = V3q:(6i - 65) + ^/3(e2 - 64) + V37(ei + 65) 

Z2 = \/3x{ei - 65) + ^y(62 - 64) + \/3z(ei + 65) + ^^(62 + 64). 

Because ~ {Xi, Zi) — 2\/3aj, changing the sign of 65, if necessary, 
we may assume 7 = 0, i.e.. 



Xi = a(ei + 65) + /3(62 + ei) eE 

V3 



Z[ = V3a(6i -65)'+ ^(62 - 64) e E^. (2^) 



Next from = (Xi, Zi) = %/3az + ^, and = (X2, Z2) = 2(V3: 



xz 



-^yw), ay — Px = holds unless z — w = 0, and then a;(6i + 65) + 
y{e2 + 64) is proportional to Xi. Thus we may rechoose 

X2 = z{ei - 65) + w(e2 - 64) = ^(61 - 65) - \/3a(e2 - 64) G E, 

(37) 

and 

^2 = /9(ei+65)-a(62 + e4)ei;^. (38) 

When z = ti; = 0, we have span{Xi,X2} = spanjei + 65,62 + 64} 
and spanjZi, Z2} — span{6i — 65, 62 — 64}. Here, in order to fit in the 
expression p7l) and (|38[) . we change the sign of 64, and may consider 



-^^2 = 62-64, ^2 = 62 + 64, (39) 

corresponding to /? = 0. □ 
Note that Xi, X2, Zi, Z2 are mutually orthogonal. Then the or- 
thonormal frames of E and E-^ are given respectively, by 

63, Xi = q:(6i + 65) + /?(e2 + 64) 

X2 = ^(^(6i-65)-V3a(e2-64)) ^"^^^ 
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and 



where we put 



Zi = (^\/3a(ei - 65) + ^(62 - 64) 
Z2 = /3(ei + 65) - a(e2 + 64), 



(41) 



(42) 



Consider an arc c of Lq containing p ~ p{0) and p(7r) . Since , X2 are 
given at each point of Lq by ([57)1 and using a continuous 

frame ei(i) and a continuous function a(t),(3(t) along c, we have a 
continuous frame 63 (t) , Xi (t) and X2 (t) of i?, and Zi (t) and Z2 (t) of 
i?^ along c. With respect to this moving frame, we can express 



L{t) = Br, 




^ \ 

i/VW) 

u{t) 

u{t) / 



(43) 



for ?7t = r7p(f-)Dln fact, from i(t)(ei(t)) — iiiei{t), weknow L{t)(Xi{t)) = 
y/dZ\{t) and L{t){X2{t)) = 1/ ^/aZ2{t). Moreover, it is easy to see 
{L{t){Z^{t)),Z^{t)) = 0. Then putting u{t) = {L{t){Zi{t)), Z2{t)) , 
we have (jMI- Note that a{t) + l/cr{t) + u{tf = 10/3 follows from 
11^(^)11 = T' Moreover, by using the notation in fJBl (^5]) implies 
that T{t) = ^R{t)R{t) has eigenvalues tT(i), l/cr(t) with eigenvectors 
Zi{t), Z2(t) e E^, respectively. Note that even if (j{t) ~ l/cr(i) holds, 
Zi{t) and Z2{t) (thus, Xi{t) and X2{t)) are continuously chosen so that 
the S{t) part in (1431) be described as above where u(t)^ = 4/3 7^ 0. 
Next, we show: 

Proposition 8.2 a{t) is constant and takes the values 1, 1/3 or 3. 

Proof: We have L{'k) ~ —L{0) from L{t) = cos tB.,, + siniB^, and 
T(7r) = T(0) from Tit) = *R{t)R(t). This implies a = cr(7r) = cr(0). 
When cr(t) is not identically 1, we may consider cr ^ 1, and as an 
eigenvector of T(0) for cr, Zi{tt) is parallel to Zi(0). Then from 

L(^)(Xi(7r)) = V^Zi(^), 
L(0)(Xi(0)) = V^Zi(0), 



we have 

Xi(7r) =£Xi(0), 
Similarly from 



Zi(7r) = -£Zi(0), e = ±l. 



i(7r)(X2(^)) = l/V^Z2(^), 

L(0)(X2(0)) = 1/7^^2(0), 
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we have, unless a/3 ^ 0, 



X2(7r) = -eX2(0), Z2(7r) = £^2(0), 

where we use ei(7r) € I?6-i(0) by the global correspondence in ([40|) and 
(j4T|) . However, since is parallel along Lg, and the pair Zi{t), Z2{t) 
is a continuous orthonormal frame of by the remark before the 
proposition, this contradicts the fact that a continuous frame preserves 
the orientation. Therefore, only the cases cr = 1, 1/3, 3 remain. □ 

9 Final result 

Proposition 9.1 When dim_E = 3, cr = 1 does not occur. 

Proof : In this case, = 0^ follows from and hence by a suitable 
choice of directions of e^'s, we have 

E = span{e3, ei + \/3e4, \/3e2 + 65} 
E^ = spanjVSei — 64, 62 — VSes}. 

Since Bq maps E onto E^ , hu = 625 = follows, i.e., Afg — Ajg — 
holds. These imply A§3 = AI3 = by the global correspondence. 
However, since VegCa is a combination of ei + \/3e4 and \/3e2 + 65, 
this implies VegCa = 0, a contradiction. □ 
In the last possible case, we have by Proposition l8.ll 

E = span{e3, ei + 65, 62 - £4}, E^ = span{ei - 65, 62 + 64}, 

and this holds everywhere by a continuous choice of e^'s. Since E is 
mapped onto E-^ by Bq — {bij ) , we have 

&15 = &24 = 0, 612 + 625 = foi4 + 645- (44) 

On the other hand, for another focal submanifold M_, the remaining 
possible case is also this case when dim F = 3. (For the definition of 
F, see the end of ^JS]) Because Ve3eg(p) ~ ^eie^iq) & E-^ n F, where 
p = Pi and q — pj in Fig 1, identifying the vectors at q with those at 
p as in Table 1, we may consider 

P = {64(9), 65 (g) - e3((j), eeiq) + e2{q)} 
= {e6(p),ei(p) - e5{p),e2{p) +e4(p)}, 
= {65(9) +63(9), 66(9) -e2((?)} 
= {ei(p) + e5{p),e2{p) - e4{p)}. 

Here, some signature might be opposite, which does not matter. The 
importance is 

C35 = C26 = 
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holds where Cy = sinei(Ai-Ai) ^^i ^^"^ components of the shape op- 
erator Cc^ of A/_ for C = ei (see Lemma [2 .ip . Then the latter implies 

612 — 0, and by the global correspondence, we have 645 = 0, and hence 
it follows from (|44|) . 

614 = ^25- 

Next from the Gauss equation [1.2] in ^J3l 613632 — follows. When 

613 = 0, [1.1] implies 6^4 = 2, and hence 625 = 2, but this contradicts 
[2.2]. Thus we have 623 — 0. Since this holds identically by the ana- 
lyticity, 614 = 625 = follows from the global correspondence, and the 
second row of vanishes, contradicts [2.2]. Therefore we obtain: 

Proposition 9.2 d\mE = 3 does not occur. 

Finally, the kernel of the shape operators of the focal submanifolds 
of isoparametric hypersurfaces with {g,m) = (6, 1) is independent of 
the normal directions, and by Proposition 4.2 of |Mlj . we obtain: 

Theorem 9.3 [DNj Isoparametric hypersurfaces with {g,m) — (6,1) 
are homogeneous. 
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